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A PETROV-GALERKIN METHOD FOR A SINGULARLY
PERTURBED ORDINARY DIFFERENTIAL EQUATION WITH
NON-SMOOTH DATA
T. ZHENG AND F. LIU∗
Abstract. In this paper, a singularly perturbed ordinary differential equa-
tion with non-smooth data is considered. The numerical method is gen-
erated by means of a Petrov-Galerkin finite element method with the
piecewise-exponential test function and the piecewise-linear trial function.
At the discontinuous point of the coefficient, a special technique is used.
The method is shown to be first-order accurate and singular perturbation
parameter uniform convergence. Finally, numerical results are presented,
which are in agreement with theoretical results.
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1. Introduction
In this paper, we construct and analyze parameter-uniform numerical method,
based on piecewise-uniform meshes, for a singularly perturbed ordinary differ-
ential equation, whose solution exhibit interior layer. The interior is a result of
the presence of a discontinuous coefficient. The classical finite difference method
and finite element method are not fitted to solve this problem on the uniform
mesh [4, 1]. Since the classical Shishkin scheme successfully solved this singu-
larly perturbed problem, the accuracy could not reach first order (see [3]). In
this paper, we use a Petrov-Galerkin finite element method with the piecewise-
exponential test function and the piecewise-linear trial function. This method is
∗ Corresponding author.
Received December, 2004. Revised October 25, 2005.
c© 2005 Korean Society for Computational & Applied Mathematics and Korean SIGCAM.
1
2 T. Zheng and F. Liu
highly efficient and has been used for the solution of moving-boundary problem
in Gas-Solid reaction modelling (Liu et al., [7]) and in finite media (Liu et al.,
[6]), and for the solution of adsorption problems with steep gradients in bidis-
perse solids (Liu et al., [5]) At the discontinuous point of the coefficient, a special
technique is used. We not only proved this numerical method to be uniformly
convergent with respect to the singular perturbation parameter, but also showed
it to be first-order accuracy.
Let us consider the following singularly perturbed ordinary differential equa-
tion (SPODE):
Lεy ≡ εy′′ + a(x)y′ = f(x) on Ω− ∪ Ω+ (1)
y(0) = y0, y(1) = y1, (2)
a(x) < −α1 < 0, 0 ≤ x < d, a(x) > α2 > 0, d < x ≤ 1 (3)
|[a](d)| ≤ C, |[f ](d)| ≤ C, (4)
where 0 < ε ¿ 1 is a small positive parameter, Ω = (0, 1), Ω¯ = [0, 1], d ∈
Ω, Ω− = (0, d), Ω+ = (d, 1). For the functions a(x) and f(x) we assume they
are sufficiently smooth on Ω−∪Ω+. We also denote the jump at d in any function
with [w](d) = w(d+) − w(d−). These hypotheses guarantee the existence of a
unique smooth solution y of (1)- (4) (see [3]).
2. Continuous problem
Since the existence and uniqueness of the solution and the required bounds
on the derivatives of the exact solution of problem have been proved detailedly
in [3], we will use the following statement directly.
Lemma 1. Let y(x) be the solution of (1)-(4), then
‖y(x)‖Ω¯ ≤ max{|y0|, |y1|}+
1
θ
‖f(x)‖Ω¯ (5)
where θ = min{α1d , α21−d}.
Proof. See the proof of Theorem 3 in [3]. ¤
Lemma 2. For any integers k, satisfying 0 ≤ k ≤ 2, the solution y satisfies the
following bound
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| yk(x) |≤
{
C(1 + ε−ke−α1(d−x)/ε), x ∈ Ω−
C(1 + ε−ke−α2(x−d)/ε), x ∈ Ω+ (6)
where C is a constant independent of ε.
Proof. See the proof of Lemma 4 in [3]. ¤
3. A Petrove-Galerkin Finite Element Method
A weak form of problem (1) is: find a function y(x) satisfying (2) - (4) such
that ∫ 1
o
(−εy′v′dx+
∫ 1
o
ay
′
v)dx =
∫ 1
0
fvdx. (7)
for all v ∈ V , where V is a suitable space of functions.
We will discretize this weak form by means of a Petrov-Galerkin finite element
method. On Ω a piecewise-uniform mesh of N mesh intervals is constructed as
follows. The domain Ω¯ is subdivide into the two subintervals [0, d]
⋃
[d, 1]. On
each subinterval a uniform mesh with N2 mesh-intervals is placed. The interior
points of the mesh are denoted by ΩN² = {xi : 1 ≤ i ≤ N2 − 1} ∪ {xi : N2 + 1 ≤
i ≤ N − 1}. Clearly xN
2
= d and Ω
N
ε = {xi}N0 . We assume step length hi = h1,
if i = 1, . . . , N2 ; hi = h2, if i =
N
2 , . . . , N .
Definition 1. A piecewise constant function a¯(x) approximates a(x) by
a¯(x) =
{
a(xi−1), x ∈ [xi−1, xi) i = 1, . . . , N2 ,
a(xi) x ∈ (xi−1, xi] i = N2 + 1, . . . , N.
(8)
We will define a set of test functions ψi(x) (V is taken to be the linear span
of this set) and a set of trial functions φi(x).
Definition 2. The piecewise exponential test functions {ψi(x)}N−1i=1 are the
solutions of
ε(ψi)
′′
(x)− a¯(x)(ψi)′(x) = 0 for x ∈ [0, 1] \ {x0, x1, · · · , xN} (9)
ψi(xj) = δi,j for j = 0, · · · , N (10)
where a¯(x) is defined as above and δi,j is the Kronecker delta.
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Definition 3. The trial functions {φi(x)}Ni=0 are chosen to be the standard
piecewise linear hat functions:
(φi)
′′
(x) = 0 for x ∈ [0, 1]\{x0, x1, · · · , xN} (11)
φi(xj) = δi,j for j = 0, · · · , N (12)
Let u(x) =
∑N
i=0 uiφ
i(x) be our discrete approximation to y(x), where {ui}Ni=0
satisfy the system of first order ordinary differential equation
∫ 1
0
[−εu′(ψi)′ + au′ψi]dx =
∫ 1
0
fψidx, i = 1, . . . , N − 1 (13)
with the boundary conditions
u0 = y(0), u1 = y(1). (14)
We introduce the approximation
for i 6= N2 , ∫ 1
0
f(x)ψi(x)dx ≈ hkf(xi) (15)
where hk =
{
h1, i ≤ N2
h2, i >
N
2
;
for i = N2 ,∫ 1
0
f(x)ψ
N
2 (x)dx ≈ [f(xN
2 −1)(1, ψ
N
2 )− + f(xN
2 +1
)(1, ψ
N
2 )+] (16)
where we use notation (1, ψ
N
2 )− =
∫ xN
2
xN
2 −1
ψ
N
2 dx and (1, ψ
N
2 )+ =
∫ xN
2 +1
xN
2
ψ
N
2 dx.
We replace the equation (13) by the approximating equation of (8), (15) and
(16), then
for i 6= N2 , ∫ 1
0
[−εu′(ψi)′ + a¯u′ψi]dx = hkf(xi); (17)
for i = N2 ,∫ 1
0
[−εu′(ψN2 )′ + a¯u′ψN2 ]dx = f(xN
2 −1)(1, ψ
N
2 )− + f(xN
2 +1
)(1, ψ
N
2 )+.
(18)
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For any functions v, w, the following integral are defined, we will use the fol-
lowing notation:
(v, w) =
∫ 1
0
v(x)w(x)dx, (19)
Bε(v, w) = (−εv′ , w′) + (av′ , w), (20)
B¯ε(v, w) = (−εv′ , w′) + (a¯v′ , w), (21)
ui = u(xi), fi = f(xi). (22)
A Petrov-Galerkin finite element method (PGFEM) for singularly perturbed
ordinary differential equation with non-smooth data is given by
for i = 1, . . . , N2 − 1 and i = N2 + 1, . . . , N − 1,
LNε ui = h
−1
k B¯(u, ψ
i) = fi, (23)
and for i = N2 ,
LNε ui = (1, ψ
N
2 )−1B¯ε(u, ψi) = (1, ψ
N
2 )−1[fN
2 −1(1, ψ
N
2 )− + fN
2 +1
(1, ψ
N
2 )+]
(24)
with boundary conditions
u0 = y(0), u1 = y(1). (25)
From (23) and (24) we can solve for the nodal values ui. We explicitly evaluate
the terms involved in them, using integration by parts and the fact that the test
functions and the trial functions satisfy (9), (10) and (11), (12), respectively.
B¯ε(φi−1, ψi) = ε(ψi)
′
(x+i−1) =
{
εh−11 σ(ρi−1) 1 ≤ i ≤ N2
εh−12 σ(ρi)
N
2 + 1 ≤ i ≤ N − 1
,
(26)
B¯ε(φi+1, ψi) = −ε(ψi)′(x−i+1) =
{
εh−11 σ(−ρi) 1 ≤ i ≤ N2 − 1
εh−12 σ(−ρi+1) N2 ≤ i ≤ N − 1
,
(27)
B¯ε(φi, ψi) = −ε(ψi)′(x−i ) + ε(ψi)
′
(x+i ) + a¯ψ
i(x−i )− a¯ψi(x+i )
=
{ −εh−11 σ(ρi−1)− εh−11 σ(−ρi) 1 ≤ i ≤ N2 − 1
−εh−12 σ(ρi)− εh−12 σ(−ρi+1) N2 + 1 ≤ i ≤ N − 1
, (28)
B¯ε(φ
N
2 , ψ
N
2 ) = −εh−11 σ(ρi−1)− εh−12 σ(−ρi+1) (29)
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(1, ψ
N
2 ) = (1, ψ
N
2 )− + (1, ψ
N
2 )+
= [ εaN
2 −1
+ h11−exp(aN
2 −1
h1/ε)
] + [ h21−exp(−aN
2 +1
h2/ε)
− εaN
2 +1
]
= h1ρ−1N
2 −1
(1− σ(ρN
2 −1)) + h2ρ
−1
N
2 +1
(σ(−ρN
2 +1
)− 1) (30)
where σ(x) ≡ x/(ex − 1) and ρi ≡
{
aih1/ε, i <
N
2
aih2/ε, i >
N
2
.
In (23) and (24), we have
for i = 1, 2, · · · , N2 − 1,
B¯ε(u, ψi) =
i+1∑
j=i−1
ujB¯ε(φj , ψi)
= εh−11 {σ(ρi−1)(ui−1 − ui)− σ(−ρi)(ui − ui+1)}; (31)
for i = N2 ,
B¯ε(u, ψ
N
2 ) =
N
2 +1∑
j=N2 −1
ujB¯ε(φj , ψ
N
2 )
= εh−11 σ(ρN2 −1)(uN2 −1 − uN2 )− εh
−1
2 σ(−ρN2 +1)(uN2 − uN2 +1); (32)
for i = N2 + 1, · · · , N − 1,
B¯ε(u, ψi) =
i+1∑
j=i−1
ujB¯ε(φj , ψi)
= εh−12 {σ(ρi)(ui−1 − ui)− σ(−ρi+1)(ui − ui+1)}. (33)
Consequently (23) - (25) may be written as
LNε u = (A− J)u = f − q. (34)
where A is an (N+1)×(N+1) tridiagonal matrix with rows 0 and N identically
zero, and for rows i = 1, . . . , N2 − 1, we set
ai,i−1 = εh−21 σ(ρi−1),
ai,i = −ai,i−1 − ai,i+1,
ai,i+1 = εh−21 σ(−ρi);
for rows i = N2 , we set
aN
2 ,
N
2 −1 = εh
−1
1 σ(ρN2 −1)(1, ψ
N
2 )−1,
aN
2 ,
N
2
= −aN
2 ,
N
2 −1 − aN2 ,N2 +1,
aN
2 ,
N
2 +1
= εh−12 σ(−ρN2 +1)(1, ψ
N
2 )−1;
for rows i = N2 + 1, . . . , N − 1, we set
ai,i−1 = εh−22 σ(ρi),
ai,i = −ai,i−1 − ai,i+1,
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ai,i+1 = εh−22 σ(−ρi+1).
J (which is used solely to incorporate the boundary conditions) is the (N +1)×
(N +1) matrix with the (0, 0) and (N,N) entries equal to 1 and all other entries
zero;
u = (u0, u1, . . . , uN )T , q = (u0, 0, . . . , 0, uN )T
f = (0, f1, . . . , f∗N
2
, . . . , 0)T .
where f∗N
2
= (1, ψ
N
2 )−1[fN
2 −1(1, ψ
N
2 )− + fN
2 +1
(1, ψ
N
2 )+] and T denotes trans-
pose.
Remark 1. In (34) we see that (A−J) is strictly diagonally dominant with neg-
ative diagonal terms and positive offdiagonal terms. Consequently this matrix
is the negative of an M -matrix and so is invertible (see [12]).
4. Error Analysis
In order to get the main result, we give the following Lemmas firstly.
Lemma 3. Let w be a mesh function defined on Ω¯Nε . W will denote the set of
all mesh functions, if w ∈W satisfying
(a) w ≥ 0 on Ω¯Nε ,
(b) LNε w ≤ 0 on ΩNε .
Then w ≥ 0 on Ω¯Nε , for any w ∈W .
Proof. By (a) w(0) ≥ 0 and w(1) ≥ 0 and (b) LNε w ≤ 0 on ΩNε i.e. (f − q) ≤ 0,
u = (A−J)−1(f −q) ≥ 0 since (A−J)−1 is the negative of an M -matrix. ¤
Lemma 4. Let v, w ∈W . Assume that
(a) |v(0)| ≤ w(0), |v(1)| ≤ w(1)
(b) LNε w ≤ −|LNε v| on ΩNε .
Then |v| ≤ w on Ω¯Nε .
Proof. Using Lemma 3 and mean value theorem, it is easy to prove. ¤
Lemma 5. For i = 1, · · · , N − 1,
|((a¯− a)y′ , ψi)| ≤ CH
∫ xi+1
xi−1
|y′ |dx (35)
where H = max(h1, h2).
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Lemma 6.
For i 6= N2 ,
|(f − fi, ψi)| ≤ CH2, (36)
For i = N2 ,
|(f − fN
2 −1, ψ
N
2 )−| ≤ CH2, |(f − fN
2 +1
, ψ
N
2 )+| ≤ CH2. (37)
Using Lemma 5 and Lemma 6 are easily verified.
Lemma 7.
∫ xi
xi−1
ψidx ≥ h1
2
, if i ≤ N
2
. (38)
∫ xi+1
xi
ψidx ≥ h2
2
, if i ≥ N
2
. (39)
Proof. The proof is similar with the proof of Lemma 4.4 in [11]. ¤
Lemma 8.
For 0 ≤ i ≤ N2 − 1,
ψi(x) ≥ {1− exp(−ρ1(x− xi−1)/h1)}/(1− exp(−ρ1) on [xi−1, xi]
(40)
For N2 ≤ i ≤ N − 1,
ψi(x) ≥ {1− exp(−ρ2(xi+1 − x)/h2)}/(1− exp(−ρ2)) on [xi, xi+1]
(41)
where ρ1 = α1h1ε and ρ2 =
α2h2
ε .
Proof. For a fixed i, the differential operator L1 is defined by L1w(x) ≡ εw′′(x)−
ai−1w
′
(x) satisfies a maximum principle on [xi, xi+1](see [10]).
Now, for 0 ≤ i ≤ N2 −1, ψi(x)−{1−exp(−ρ1(x−xi−1)/h1)}/(1−exp(−ρ1)) = 0
at x = xi−1, xi; and
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L1(ψi(x))− {1− exp(−ρ1(x− xi−1)/h1)}/(1− exp(−ρ1))
= α1ε (1− exp(−ρ1))−1 exp(−ρ1(x− xi−1)/h1)(α1 + ai−1) < 0.
By the maximum principle
ψi(x)−{1−exp(−ρ1(x−xi−1)/h1)}/(1−exp(−ρ1)) ≥ 0 for xi−1 ≤ x ≤ xi.
The case of N2 ≤ i ≤ N − 1 has an analogous proof. ¤
Remark 2. Because h1 = 2dN , h2 =
2(1−d)
N , for the simplicity, we can choose
α1 = α2
(1−d)
d such that α1h1 = α2h2. The following proofs are based on the
choice.
Lemma 9. Suppose y(x) is the exact solution of equation (1) and u(x) is its
computed solution. Let ei = y(xi)− ui, then
For 0 < i < N2 ,
|(LNε e)i| ≤ C exp(−α1(d− xi+1)/ε)(1− exp(−2ρ1)) + CH, (42)
For N2 < i < N ,
|(LNε e)i| ≤ C exp(−α2(xi−1 − d)/ε)(1− exp(−2ρ2)) + CH, (43)
For i = N2 ,
|(LNε e)N2 | ≤ C(1− exp(−ρ)) + CH (44)
where H = max(h1, h2) and ρ = ρ1 = ρ2 according to Remark 2.
Proof. In this proof we shall use the notation O(hr), where r is integers, to
denote any quantity bounded in absolute value by Chr.
We will mimic the stability and consistency argument given in [4, §5].
For i 6= N2 , it is an analogous proof with Theorem 4.9 of [8] using Lemma 2.
For i = N2 ,
(1, ψ
N
2 )(LNε e)N2
= B¯ε(y, ψ
N
2 )− [fN
2 −1(1, ψ
N
2 )− + fN
2 +1
(1, ψ
N
2 )+]
= B¯ε(y, ψ
N
2 )−Bε(y, ψN2 ) +Bε(y, ψN2 )− [fN
2 −1(1, ψ
N
2 )− + fN
2 +1
(1, ψ
N
2 )+]
= ((a¯− a)y′ , ψN2 ) + (f, ψN2 )− [fN
2 −1(1, ψ
N
2 )− + fN
2 +1
(1, ψ
N
2 )+].
Using Lemma 5 and Lemma 6, we obtain
|(1, ψN2 )(LNε e)N2 | ≤ CH
∫ d+h2
d−h1
|y′ |dx+ CH2.
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Using Lemma 4, we obtain
|(1, ψN2 )(LNε e)N2 |
≤ CH
∫ d
d−h1
(1 + ε−1 exp(−α1(d− x)/ε))dx
+ CH
∫ d+h2
d
(1 + ε−1 exp(−α2(x− d)/ε))dx+ CH2
≤ CH(1− exp(−ρ)) + CH2.
Using Lemma 8, we have (1, ψ
N
2 ) ≥ H2 .
Thus, we have
|(LNε e)N2 | ≤ C(1− exp(−ρ)) + CH.
¤
Lemma 10. Define
w(x) =
{
CHe
ρ1
2 exp(−α1(d− x)/(2ε)) + CH xd x ≤ d
CHe
ρ2
2 exp(−α2(x− d)/(2ε)) + CH 1−x1−d x ≥ d
. (45)
Then if i < N2 ,
−(LNε w)i ≥ C exp(−α1(d− xi+1)/(2ε))(1− exp(−
ρ1
2
)) + CH; (46)
if i > N2 ,
−(LNε w)i ≥ C exp(−α2(xi−1 − d)/(2ε))(1− exp(−
ρ2
2
)) + CH; (47)
if i = N2 ,
−(LNε w)N2 ≥ C exp(α1h2/(2ε))(1− e
− ρ22 ) + C exp(α2h1/(2ε))(1− e−
ρ2
2 ) + CH.
(48)
Proof. For i < N2 and for i >
N
2 , the proof is similar to that used in Theorem
17 of [9] by using Lemma 8.
For i = N2 ,
−(LNε w)N2
= (1, ψ
N
2 )−1(
∫ d
d−h1(εw
′
(ψ
N
2 )
′ − a¯w′ψN2 )dx+ ∫ d+h2
d
(εw
′
(ψ
N
2 )
′ − a¯w′ψN2 )dx)
= −(1, ψN2 )−1(∫ d
d−h1(εw
′′
+ a¯w
′
)ψ
N
2 dx+
∫ d+h2
d
(εw
′′
+ a¯w
′
)ψ
N
2 dx).
Since
− ∫ d
d−h1(εw
′′
+ a¯w
′
)ψ
N
2 dx
≥ C ∫ d
d−h1 Hε
−1e
ρ1
2 exp(−α1(d− x)/(2ε))ψN2 dx+ CHh1/2
≥ CH exp(α1h2/(2ε))(1− e−
ρ1
2 ) + CHh1/2.
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and
− ∫ d+h2
d
(εw
′′
+ a¯w
′
)ψ
N
2 dx
≥ C ∫ d+h2
d
Hε−1e
ρ2
2 exp(−α2(x− d)/(2ε))ψN2 dx+ CHh2/2
≥ CH exp(α2h1/(2ε))(1− e−
ρ2
2 ) + CHh2/2,
we have
−(LNε w)N2
≥ (1, ψN2 )−1{CH exp(α1h2/(2ε))(1− e−
ρ1
2 ) + CH exp(α2h1/(2ε))(1− e−
ρ2
2 )
+CH h12 + CH
h2
2 }
≥ C exp(α1h2/(2ε))(1− e−
ρ1
2 ) + C exp(α2h1/(2ε))(1− e−
ρ2
2 ) + CH
by using (1, ψi) ≤ 2H. ¤
Theorem 1. The solution y(x) of SPTDE and solution u(x) of PGFEM satisfy
the following bound
‖y(x)− u(x)‖Ω¯Nε ≤ CH (49)
where C is a constant independent of N and ε.
Proof. ei = 0 on Ω¯Nε \ΩNε ; From Lemma 9 and Lemma 10, (LNε w)i ≤ −|(LNε e)i|.
Using Lemma 4, we immediately get the nodal error bound
|y(xi)− ui| = |ei| ≤ CH.
Follow the arguments in [2], applied separately on the intervals [0, d] and [d, 1] to
extend this to the global error bound. This complete the proof. ¤
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Table 1. Computed maximum pointwise error and the com-
puted ε-uniform errors EN .
ε N=8 N=16 N=32 N=64 N=128
2−0 1.21E-03 2.80E-04 6.75E-05 1.66E-05 4.11E-06
2−2 2.11E-03 4.70E-04 1.11E-04 2.69E-05 6.61E-06
2−4 5.42E-03 1.47E-03 3.77E-04 9.50E-05 2.93E-05
2−6 1.46E-02 5.93E-03 1.75E-03 4.65E-04 1.18E-04
2−8 1.80E-02 9.62E-03 4.38E-03 1.61E-03 4.69E-04
2−10 1.89E-02 1.06E-02 5.46E-03 2.62E-03 1.14E-03
2−12 1.91E-02 1.09E-02 5.73E-03 2.90E-03 1.42E-03
EN 1.91E-02 1.09E-02 5.73E-03 2.90E-03 1.42E-03
5. Numerical results
Consider the following singularly perturbed ordinary differential equation:
εu
′′
ε + a(x)u
′
ε = f, 0 < x < 1
with boundary conditions: uε(0) = e−d/ε + 1, uε(1) = 2− e(d/ε−1/ε) + e−1.
where a(x) =
{ −1, 0 ≤ x ≤ 0.5
1, 0.5 < x ≤ 1 and f(x) =
{
εe−x + e−x
εe−x − e−x .
The exact solution of this problem is
uε(x) =
{
e(x/ε−d/ε) + e−x, 0 ≤ x ≤ 1/2
2− e(d/ε−x/ε) + e−x, 1/2 ≤ x ≤ 1 .
We solve this problem by using PGFEM (23)(24). Table 1 shows the maxi-
mum pointwise errors and computed ε-uniform errors EN for a variety of values
of ε, N . From Table 1, it can be seen that the numerical results are in good
agreement with theoretical results.
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